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In this project, a general theory for the axisymmetric indentation of piezomagnetic solids by a ﬂat rigid punch is pre-
sented within the context of fully coupled linear model, in the absence of friction or adhesion. It is shown tha-t the coupling
has a signiﬁcant eﬀect on the indentation force and the magnetic ﬂux through the contact area. In addition, an experiment
on the material Terfenol-D was carried out to conﬁrm the theoretical results.
 2006 Elsevier Ltd. All rights reserved.
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Piezomagnetism considers the coupling between magnetic and mechanical phenomena and may appear in
almost all ferromagnetic materials which exist as single crystals, isotropic polycrystalline metals, or ceramic
materials, Mason (1966). Technologically important magnetostrictive materials are rare earth alloys with iron,
cobalt and nickel. Terfenol-D is a highly piezomagnetic alloy of the rare earth elements terbium and dyspro-
sium (Tb0.3Dy0.7Fe2) and is an important magnetostrictive material due to its high magnetostriction and cou-
pling constants. Piezomagnetism is used in many technologically important applications such as head
recorders, sensors, micro-electro-mechanical systems (MEMS), atomic microscopes, etc. and is important in
tribology.
To a ﬁrst approximation, piezomagnetism can be modeled as a linear magnetomechanical eﬀect, analogous
to the linear electromechanical eﬀect of piezoelectricity. In the case of piezoelectrism most of the eﬀective pie-
zoelectric constants are due to the piezoelectric eﬀects in the individual crystals and only a smaller amount are
due to the motion of the domain walls. Since piezomagnetism has not been demonstrated for a single-domain
ferromagnetic crystal, all of the eﬀect must be due to domain-wall motion. It has been shown that a true piezo-
magnetic eﬀect is possible in 29 of the 32 crystal classes.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.040
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4594 A.E. Giannakopoulos, A.Z. Parmaklis / International Journal of Solids and Structures 44 (2007) 4593–4612Polycrystalline materials, which are macroscopically isotropic when unpolarized, become anisotropic with
transverse isotropy or rotary symmetry about the direction of the induced macroscopic polarization vector.
This magnetic polarization vector deﬁnes one material direction uniquely. The z-axis is chosen for this direc-
tion and is taken as the polar axis of axisymmetry in both mechanical and magnetic responses.
Based on contact mechanics, indentation is a simple experiment, which can be used to assess the strength of
the magnetization of a piezomagnetic material (a nondestructive method of quality control). In brief, contact
induces an alteration in stress (drzz), which in turn causes an alteration in the magnetic ﬂux density (dBz) and
vice versa. The present work examines the quasistatic contact problem of a circular rigid punch on piezomag-
netic materials.
2. Basic equations of axisymmetric piezomagnetic body
In the absence of body and inertia forces, the equilibrium equations for the axisymmetric problems of
piezomagnetic body can be expressed in the cylindrical coordinates {r,h,z} as:
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Geometrical parameters for ﬂat indentation. (a) 3D view. (b) 2D view. The indenter is non-conducting, with very low magnetic
ability ðlind  le11Þ.
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¼ 0 ð3Þwhere rij and Bi are the stress and magnetic ﬂux density, respectively (Fig. 1 shows the overall geometry of the
problem). Eq. (3) implies conservation of the magnetic ﬂux.
The constitutive equations of linear, transversely isotropic piezomagneticity can be summed up as, IEEE
standard 319 (1990):drrr
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ð4Þwhere CHij (at constant magnetic ﬁeld fHr;Hzg), eij and leij (at constant strain e) are elastic, piezomagnetic and
permeability constants, respectively, Mason (1966). Note the small variation symbol ‘‘d’’ in Eq. (4) denotes
small variations of the stresses, strains, magnetic ﬁeld and magnetic ﬂux density about preexisting (dominant)
ﬁelds due to the magnetic status of the material. The preexisting ﬁelds already satisfy equilibrium equations
(1)–(3) and hence we drop ‘‘d’’ for brevity in the rest of the analysis. The piezomagnetic constants show
the interaction between the elastic and the magnetic properties of the material and can have either positive
or negative values. For all paramagnetic crystals and for ferromagnetic crystals at low magnetic ﬁeld
strengths, the permeability constants can be described from the relation leij ¼ l0ðdij þ wijÞ, where wij are con-
stants called magnetic susceptibilities and l0 is the permeability of the vacuum fl0 ¼ 4p107ðWbm2 Þg. It can be
proved from the form of the magnetic energy that leij ¼ leji. A crystal is said to be paramagnetic along one of
the principal axes, if w is positive for this particular axis and diamagnetic, if w is negative along this axis. The
principal susceptibilities of such crystals are in the order of +105 and 105, respectively. Modern ferromag-
netic materials have susceptibilities up to 106. All magnetostrictive constants depend on the magnetic ﬁeld,
however we will assume a dominant magnetic ﬁeld that is applied by inserting the substrate in a coil or attach-
ing to the substrate a permanent magnet.
The poling direction is assumed in this work to be along the z-direction. We will also assume that the mate-
rial has no free currents and the strains are small. The strain and magnetic ﬁelds are given by the geometric
equations and the Gauss equations, respectively, as:err ¼ ouror ; ehh ¼
ur
r
; ezz ¼ owoz ; crz ¼
our
oz
þ ow
or
Hr ¼  oUmor ; Hz ¼ 
oUm
oz
ð5Þwhere ur and w are displacements in the r and z directions, respectively, and Um is the magnetic potential.
These principal variables of the problem are functions of r and z. The existence of Um implies r ~H ¼ 0,
Jackson (1962), which is a particular form of Ampere’s circuital law and assumes that no currents are devel-
oped in the material.
Substituting ﬁrstly the geometric and the Gauss equations into the constitutive equations and then the
substituted constitutive equations into the governing equilibrium equations, we obtain the equilibrium equa-
tions in terms of the principal quantities (ur,w,Um):CH11
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transform this complicated system of partial diﬀerential equations into a simpler one of ordinary diﬀerential
equations with respect to z. The Hankel integral transform pair is deﬁned as:F ðn; zÞ ¼
Z 1
0
F ðr; zÞrJ mðnrÞdr
F ðr; zÞ ¼
Z 1
0
F ðn; zÞnJ mðnrÞdn
ð7Þwhere Jm is the 1st kind Bessel’s function of order m (Sneddon, 1972).
The transformed linear system can be written as:CH44
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ð8Þwhere the transformed principal variables are:urðn; zÞ ¼
Z 1
0
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wðn; zÞ ¼
Z 1
0
wðr; zÞrJ 0ðnrÞdr
Umðn; zÞ ¼
Z 1
0
Umðr; zÞrJ 0ðnrÞdr
ð9ÞFor a semi-inﬁnite space (zP 0), the conditions at inﬁnity deﬁne the type of the system’s solutions. The
conditions which must be satisﬁed when
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 þ r2p !1 are ur,w,Um! 0. So the solutions can be described as:urðn; zÞ ¼ urðnÞ
^
ejnz
wðn; zÞ ¼ wðnÞ
^
ejnz
Umðn; zÞ ¼ UmðnÞ
^
ejnz
ð10Þand the conditions at inﬁnity (ur,w,Um! 0) impose that the j coeﬃcient can be real or complex but not
imaginative.
Substituting eigenfunctions (10) into (8), a system can be formed as:½aij 
urðnÞ^
wðnÞ^
UmðnÞ^
8><
>:
9>=
>; ¼ f0g ð11Þwherea11 ¼ CH44j2  CH11; a12 ¼ a21 ¼ CH13 þ CH44
 
j; a13 ¼ a31 ¼ ðe31 þ e15Þj
a22 ¼ CH33j2  CH44; a23 ¼ a32 ¼ e33j2  e15; a33 ¼ le11  le33j2:
ð12ÞThe j coeﬃcient is deﬁned from the characteristic equation det[aij] = 0. This condition is indispensable
because of the absence of singularity of the solutions. The characteristic equation, a bi-cubic equation with
real coeﬃcients, has six roots. The problem itself (material coeﬃcients) and the conditions at inﬁnity deﬁne
that these six roots can be distinguished in the following categories, provided that the condition
ðCH44le11 þ e215Þ  ðCH33le33 þ e233Þ > 0 is satisﬁed. Four cases are then meaningful for the problem:
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(II) 2 real roots ±k1 and 4 imaginative roots ±ix1, ±ix2 (k1,xi > 0)
(III) 2 real roots ±k1 and 4 complex roots ±d ± ix (k1,d,x > 0)
(IV) 2 imaginative roots ±ix1 and 4 complex roots ±d ± ix (x1,d,x > 0).
It can be inferred that the j number depends on the material’s coeﬃcients and has a crucial role in the
development of the solution. In each case only the roots with positive real part are accepted. So there are four
kinds of solutions, one for each of the above problem case. Which of the four cases is applicable has to do with
the particular constants of the piezomagnetic material and the constants depend on the background magnetic
ﬁeld. Using real piezomagnetic material properties under realistic magnetic ﬁelds, we conclude that all four
cases are possible (see Tables 1, 2 and 4 in the sequence). This outcome is substantially diﬀerent from the pre-
dictions of the piezoelectric analysis where material data imply case III only, because all available data regard-
ing piezoelectric material properties give case III only. On the other hand, we have found piezomagnetic
material properties that can support other cases as well, e.g. Huang and Kuo (1997).
From the transformed system results the following relationship, which deﬁnes the ﬁnal form of the trans-
formed solutions.AiðnÞ ¼ urðnÞ
^
a
¼ wðnÞ
^
b
¼ UmðnÞ
^
c
ð13Þwherea ¼ a12a23  a13a22; b ¼ a11a23  a12a13; c ¼ a11a22 þ a212.
The solution for each case can be represented as:I:
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where
a1 ¼ aðk1Þ;
b1 ¼ bðk1Þ;
c1 ¼ cðk1Þ;
a21 þ ia22 ¼ aðdþ ixÞ
b21 þ ib22 ¼ bðdþ ixÞ
c21 þ ic22 ¼ cðdþ ixÞ
ð16Þ
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where a11 þ ia12 ¼ aðdþ ixÞ; b11 þ ib12 ¼ bðdþ ixÞ; c11 þ ic12 ¼ cðdþ ixÞ ð17Þ
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transforms, the general solutions of the system satisfying the conditions at inﬁnity can be found. The details of
the analysis are given for each of the four cases in the Appendix.
Boundary conditions are distinguished in mechanical and magnetic type.
The mechanical boundary conditions for a circular rigid ﬂat punch with radius a are:wðr; 0Þ ¼ h; 0 6 r 6 a ðh is the indentation depthÞ
drzzðr; 0Þ ¼ 0; r > a
drrzðr; 0Þ ¼ 0; rP 0 ðabsence of frictionÞ
ð18ÞThe magnetic boundary conditions are:Umðr; 0Þ ¼ U0m 0 6 r 6 a
dBzðr; 0Þ ¼ 0 r > a
ð19ÞNote that the mechanical and magnetic boundary conditions can be applied separately and the results can be
superposed. Conditions (19) imply a non-conducting indenter with a very small permeability constant in com-
parison to that of the substrate. The general magnetic boundary conditions require that the normal compo-
nent of the magnetic ﬂux density Bz and the tangential component of the magnetic ﬁeld Hr are continuous
across the interface. The last condition, together with the condition that lind  le11 (lind is the magnetic per-
meability of the indenter), gives approximately Br  0, as Eq. (19a) implies.
From the boundary conditions we obtain two pairs dual integral equations regarding Eqs. (18a) and (18b),Z 1
0
AiðnÞJ 0ðnrÞdn ¼ fiðrÞ; 0 6 r 6 aZ 1
0
AiðnÞnJ 0ðnrÞdn ¼ giðrÞ; r > a ði ¼ 1; 2Þ
ð20Þand Eq. (18c) implies that A3ðnÞ ¼  m1m3 A1ðnÞ 
m2
m3
A2ðnÞ, provided that m35 0.
According to Noble (1963) the solutions of the integral equations can be given as:AiðnÞ ¼
Z a
0
cosðxnÞF iðxÞdxþ
Z 1
a
cosðxnÞGiðxÞdx ði ¼ 1; 2Þ ð21ÞwhereF iðxÞ ¼ d
dx
Z x
0
fiðrÞ rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  r2
p dr
GiðxÞ ¼
Z 1
x
giðrÞ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p dr
ð22ÞThe boundary conditions of a circular ﬂat punch predict that fi(r) are constants (fi) and that gi(r) = 0 for all
of the categories we distinguished before.I: f1 ¼ M4hM2U
0
m
M1M4 M2M3 ; A1ðnÞ ¼ f1
sinðanÞ
n
f2 ¼ M3hM1U
0
m
M2M3 M1M4 ; A2ðnÞ ¼ f2
sinðanÞ
n
f3 ¼ f1 m1m3  f2
m2
m3
; A3ðnÞ ¼ f3 sinðanÞn
where M1 ¼ b1  b3
m1
m3
; M2 ¼ b2  b3
m2
m3
; M3 ¼ c1  c3
m1
m3
; M4 ¼ c2  c3
m2
m3
ð23Þ
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h
b1
or f 1 ¼
U0m
c1
A1ðnÞ ¼ f1 sinðanÞn
ð24ÞIII: f1 ¼ M4hM2U
0
m
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0
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; M4 ¼ c21 þ c22
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ð25ÞIV: f1 ¼ hM1 or f 1 ¼
U0m
M2
; A1ðnÞ ¼ f1 sinðanÞn
f2 ¼ f1 m1m2 ; A2ðnÞ ¼ f2
sinðanÞ
n
ð26Þ
where M1 ¼ b11 þ b12
m1
m2
; M2 ¼ c11 þ c12
m1
m2Note: In cases II and IV the constant f1 should be determined either from the ﬁrst relation or the second one
and not be combined with each other. The ﬁrst relation is used when the mechanical boundary condition is
given (and not the magnetic one) and the second relation only if the magnetic boundary condition is given
(and not the mechanical one). In these cases, the mechanical and the magnetic boundary condition can be
solved separately and their results can be superposed.
As we can see, Ai(n) have 2 equal and opposite values from which we accept the ones that give positive
external work ðPhþUU0m
2
P 0Þ, where P is the total applied force and U is the total magnetic ﬂux (see Eqs.
(32) and (33), respectively).3. Final results
The forms of the solutions are the same for all categories, they diﬀer from each other in the constants
ur0,rzz0,Bz0. Fig. 2 shows the spatial shapes of the solutions at the surface. We summarize the analytic results
in the following forms:urðr; 0Þ ¼
ur0 ar ; rP a
ur0 raþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p ; r 6 a

ð27Þ
wðr; 0Þ ¼
2h
p arcsin
a
r
 
; rP a
h; r 6 a
 ð28Þ
Umðr; 0Þ ¼
2U0m
p arcsin
a
r
 
; rP a
U0m; r 6 a
(
ð29Þ
Fig. 2. Normalized relations for: (a) radial displacement (ur), (b) vertical displacement (w), (c) magnetic potential (Um), (d) axial stress
(drzz), and (e) axial magnetic ﬂux density (dBz). The distributions refer to the surface (z = 0) and the normalized radial coordinate r/a.
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0; r > a
!1; r ¼ a
rzz0 1ﬃﬃﬃﬃﬃﬃﬃﬃa2r2p ; r < a
8><
>: ð30Þ
dBzðr; 0Þ ¼
0; r > a
!1; r ¼ a
Bz0 1ﬃﬃﬃﬃﬃﬃﬃﬃa2r2p ; r < a
8><
>: ð31ÞThe applied indentation force P and the total magnetic ﬂux U for a circular ﬂat punch of radius a can be
obtained as:P ¼ 
Z a
0
drzz2prdr ¼ 2przz0
Z a
0
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p dr ¼ 2parzz0 ð32Þ
U ¼ 
Z a
0
dBz2prdr ¼ 2pBz0
Z a
0
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p dr ¼ 2paBz0 ð33Þ
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The constants ur0; h; U0m; rzz0; Bz0 for each of the four problem cases we deﬁned in the previous section are:Fig. 3.
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2
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Hall-eﬀect for the plate used in the magnetometer in our experiments. The schematic shows the direction of the current ﬂow Ii, the
oltage Ei, and the magnetic ﬂux Bz.
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r
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2a
Fig. 4. The detail of the indenter used in our experiments.
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h ¼ p
2
b1f1
U0m ¼
p
2
c1f1 ð35Þ
rzz0 ¼ m2f1
Bz0 ¼ m3f1
III: ur0 ¼ a1f1 þ a21f2  a22f3
h ¼ p
2
ðb1f1 þ b21f2  b22f3Þ
U0m ¼
p
2
ðc1f1 þ c21f2  c22f3Þ ð36Þ
rzz0 ¼
X3
i¼1
mðiþ3Þfi
Bz0 ¼
X3
i¼1
mðiþ6Þfi
IV: ur0 ¼ a11f1  a12f2
h ¼ p
2
ðb11f1  b12f2Þ
U0m ¼
p
2
ðc11f1  c12f2Þ ð37Þ
rzz0 ¼
X2
i¼1
mðiþ2Þfi
Bz0 ¼
X2
i¼1
mðiþ4Þfi4. Numerical results
From the two diﬀerent expressions of the constitutive equations of piezomagnetism can be inferred the fol-
lowing relations between the material’s coeﬃcients which will be useful in our eﬀort of collecting data for
piezomagnetic materials.fdrg ¼ ½CH   fdeg  ½eT  fdHg
fdBg ¼ ½e  fdeg þ ½le  fdHg &
fdeg ¼ ½SH   fdrg þ ½dT  fdHg
fdBg ¼ ½d  fdrg þ ½lr  fdHg ð38Þ
½CH  ¼ ½SH 1
½e ¼ ½d  ½CH  ð39Þ
½le ¼ ½lr  ½d  ½CH   ½dTwhere CHij and S
H
ij (at constant magnetic ﬁeld H), eij and dij and l
e
ij and l
r
ij (at constant strain e or at constant
stress r) are elastic, piezomagnetic and permeability constants, respectively, Mason (1966). In addition, drij,
deij, dBi, dHi are the alterations in stress, in strain, in magnetic ﬂux density and in magnetic ﬁeld, respectively.
In our case the initial stress is zero. For a cubic crystal system d31 = d32 ﬃ  0.5d33, d15 = 0.
It is diﬃcult to ﬁnd a complete set of all the coeﬃcients of most piezomagnetic materials in bibliography. The
data we used come from diﬀerent sources which may be inconsistent and hence give wrong ﬁnal results. Espe-
cially the permeability in the radial direction ðle11 or lr11Þ is not given anywhere, so to overcome this diﬃculty
we decided to solve the problem parametrically, assuming that ðle11 ¼ le33; le11 ¼ 12 le33; le11 ¼ 32 le33Þ, satisfying of
course the condition ðCH44le11 þ e215Þ  ðCH33le33 þ e233Þ > 0. In the present work, we focused on Terfenol-D.
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sources (van der Burgt (1953), Dapino et al. (1997), Kannan and Dasgupta (1997), Moﬀet et al. (1991) and
Ryu et al. (2001)) in six examples, which all have the same elastic coeﬃcients and diﬀer in the piezomagnetic
and permeability constants. In each example the uncoupled results are shown too, revealing the eﬀect of the
coupling phenomenon. In all examples, the magnetic boundary condition is taken as U0m ¼ 0. Note that the
material symmetry implies (approximately) e31 ¼  e332 , Kannan and Dasgupta (1997). Regarding units, we
remind that 1 Tesla ¼ 1 N
Am
.
The axisymmetry deﬁnes the form of the following elasticity matrix:Table
Data u
Case
(1)
(2)
(3)
Table
Result
(1)
P
ah
U
ah
ur0
h
Table
Result
(2)
P
ah
U
ah
ur0
h
Table
Result
(3)
P
ah
U
ah
ur0
h½CHij  ¼
107 74:8 82:1 0 0 0
74:8 107 82:1 0 0 0
82:1 82:1 98:1 0 0 0
0 0 0 6:1 0 0
0 0 0 0 6:1 0
0 0 0 0 0 16:1
0
BBBBBBBB@
1
CCCCCCCCA
ðGPaÞ ð40ÞWe examined three cases with data given in Table 1 and the elasticity matrix given by (40). The results for the
three cases are synopsized in Tables 2a–2c. The computations showed that the contact stiﬀness, P/(ah), is high-
er when the piezomagnetic coupling is strong. The anisotropy in the magnetic permeability seems to inﬂuence1
sed for the six cases solved with elasticity matrix given by (40)
e15 ð NAmÞ e31 ð NAmÞ e33 ð NAmÞ le33 ðNA2Þ
200.0 200.00 400.0 1.900 · 106
0.0 28.16 51.2 5.000 · 106
0.0 217.36 395.2 3.342 · 106
2a
s for case (1), as given by Table 1
le11 ¼ le33 le11 ¼ 12le33 le11 ¼ 32 le33 Uncoupled Dimensions
107.8590 109.1520 106.7580 89.0497 (nPa)
±1910.67 ±1988.02 ±1843.30 0.00 (Tesla)
0.1540080 0.1678050 0.1421120 0.0767946 (Numeric)
2b
s for case (2), as given by Table 1
le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33 Uncoupled Dimensions
89.1744 89.2311 89.1503 89.0497 (nPa)
±105.7680 ±101.7890 ±105.6900 0.00 (Tesla)
0.0754328 0.0756046 0.0754140 0.0767946 (Numeric)
2c
s for case (3), as given by Table 1
le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33 Uncoupled Dimensions
96.1768 99.3476 94.7868 89.0497 (nPa)
±768.6300 ±700.9860 ± 796.5950 0.00 (Tesla)
0.0382920 0.0496007 0.0332517 0.0767946 (Numeric)
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e15 when it is not zero, as it is usually assumed. Such constant could enhance the magnetic ﬂux considerably.5. Experiments
In order to observe the piezomagnetic phenomenon and to conﬁrm the theoretical results, we decided to
carry out experiments on the piezomagnetic material Terfenol-D. These experiments fall into the category
of micro-indentation, however the procedure can be scaled down to nano-indentation.
Necessary for the experiments were: a base of rubber, a sample of Terfenol-D, an indenter of plexiglass
(PMMA), a Gaussmeter, permanent magnets and of course a loading device to apply the necessary force
(e.g. a heavy steel object). A schematic view of the experiment is presented in Figs. 5–7. The constants of
the speciﬁc sample of Terfenol-D (Tb0.3Dy0.7Fe2) are partly known. We measured its mass density to be
q = 9.06 g/cm3.
Its reported compressive strength is 700 MPa and its reported Curie temperature is 653 K. The material was
obtained from ETPEMA Products Inc., USA, one of few industries that produce Terfenol-D. We used two
kinds of permanent magnets. The magnetic ﬂux density of the ﬁrst magnet was measured to be about
±28 mTesla and the other about ±52 mTesla (the + and  sign imply ‘‘North’’ and ‘‘South’’ magnet poles,
respectively). For the measurements we used the GM05 Gaussmeter, by Hirst Magnetic Instruments Ltd.
The magnets and the specimens were cylindrical and their dimensions are shown in Fig. 5. The compressive
strength of PMMA is 62 MPa, which gives an upper limit of the applied load (maxP = 1.22 kN) and its elastic
modulus is 2.8 GPa.
We designed a simple experiment of indentation with a circular ﬂat rigid indenter of PMMA on a sample of
Terfenol-D. The radius of the punch was 2.5 mm. The temperature was in 24.4 C and the moisture was 55%.
We used the permanent magnets to put the sample into a magnetic ﬁeld ðHz ¼  Bzl0Þ, which ‘‘activated’’ the
piezomagnetic properties of Terfenol-D and so we were able to observe the magnetoelastic phenomenon. FourSTEEL WEIGHT
PERMANENT
MAGNET
TERFENOL-D
PMMA
MAGNETIC PROBE
RUBBER
2a=5mm
12.78 mm
6.32 mm
5.205 mm
22.25 mm
5.25 mm
1.10 mm
1.48 mm
40.07 mm
25.40 mm
30.04 mm
GRAVITY
(960 gr.)
Fig. 5. Analytical description of the arrangement of the experiment.
Fig. 6. Photograph of the parts of the experiment.
Fig. 7. Photograph of a side view of the experiment.
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(P). The applied force was essentially a dead weigh, which was measured very accurately (±102 kN). As it is
inferred from the arrangement of the experiments (Fig. 5), the applied indentation forces are the weights of the
sample and the magnets. The alteration of the magnetic ﬂux density (dBz) was measured with the GM05
Gaussmeter, not at the contact surface but at a certain (constant) distance. The distance of the Gaussmeter’s
probe from the point {0,0} of the surface is 2.082a (a is the radius of the circular indenter) and the relation of
the magnetic ﬂux density between these points can be described from the potential theory as:
Bz(0,2.082a) = 0.2851Bz(0,0). As we can see the distance causes about 70% decrease of the surface values.
So if one could put the probe just over the surface, there would be no need for this adjustment. The experi-Table 3
Experimental results for a ﬂat punch of PMMA of radius 2.5 mm
Experiment Bz(0,0) before indentation (mTesla) Indentation force P (N) Bz(0,0) after indentation (mTesla) |dBz| (mTesla)
A 28.1 0.64 78.9 50.8
B +48.4 0.74 +150.5 102.1
C 42 10.07 121.4 79.4
D +67 10.15 +194.7 127.7
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magnets triggering the piezomagnetic behavior of the material, no change of the magnetic ﬂux density was
recorded. Earth’s magnetic ﬂux density is 0.05 mTesla.
We solved the problem using data from Clark (1980), Clark et al. (1990), Moﬀet et al. (1991) and du Tre´m-
olet de Lacheisserie (1993), taking the elasticity matrix isotropic and using appropriate values of the material
constants according to the measured magnetic ﬁelds of the permanent magnets used in the experiments.
For an isotropic sample of Terfenol-D we used an elastic modulus of 55 GPa and Poisson’s ratio 0.4:Table
Result
(II)
P
ah
U
ah
ur0
h
Table
Result
(III)
P
ah
U
ah
ur0
h
Table
Result
(I)
P
ah
U
ah
ur0
h½CHij  ¼
55:0 43:0 43:0 0 0 0
43:0 55:0 43:0 0 0 0
43:0 43:0 55:0 0 0 0
0 0 0 12:0 0 0
0 0 0 0 12:0 0
0 0 0 0 0 12:0
0
BBBBBBBBBB@
1
CCCCCCCCCCA
ð GPaÞ ð41Þ
le33 ¼ 6:283 106
N
A
2 
e15 ¼ 0:0 N
Am
 
e31 ¼  e33
2
N
Am
 
e33 ¼
ðIÞ ! 90:0
ðIIÞ ! 64:0
ðIIIÞ ! 40:0
ðIVÞ ! 16:0
N
Am
 ! d33 ¼ 8 nmA 
! d33 ¼ 2 nmA
 Table 4 shows the theoretical results for each of the four cases (I), (II), (III) and (IV), each case corresponding
to the value of e33 shown above. Note that the contact stiﬀness P/(ah) is not very diﬀerent for cases (I)–(IV)
and an increase from the uncoupled case starts to be noticeable at high values of e33.4b
s for case (II), with elasticity matrix given by (41) and le11 ¼ le33
e15 = 0 e15 ¼ e3310 e15 ¼ e332 Uncoupled Dimensions
90.6048 90.5505 90.5637 90.2040 (nPa)
±168.66 ±182.75 ± 239.22 0.00 (Tesla)
0.1445190 0.1438750 0.1411530 0.1464940 (Numeric)
4c
s for case (III), with elasticity matrix given by (41) and le11 ¼ le33
e15 = 0 e15 ¼ e3310 e15 ¼ e332 Uncoupled Dimensions
90.3621 90.3409 90.3467 90.2040 (nPa)
±105.44 ±114.13 ±148.93 0.00 (Tesla)
0.1457020 0.1454480 0.1443730 0.1464940 (Numeric)
4a
s for case (I), with elasticity matrix given by (41) and le11 ¼ le33
e15 = 0 e15 ¼ e3310 e15 ¼ e332 Uncoupled Dimensions
90.9848 90.8773 90.8984 90.2040 (nPa)
±237.05 ±257.26 ± 338.43 0.00 (Tesla)
0.1427480 0.1414910 0.1362010 0.1464940 (Numeric)
Table 4d
Results for case (IV), with elasticity matrix given by (41) and le11 ¼ le33
(IV) e15 = 0 e15 ¼ e3310 e15 ¼ e332 Uncoupled Dimensions
P
ah 90.2294 90.2261 90.2270 90.2040 (nPa)
U
ah ±42.18 ±45.63 ±59.44 0.00 (Tesla)
ur0
h 0.1463650 0.1463250 0.1461520 0.1464940 (Numeric)
Table 5a
Results for experiment A (dBz in mTesla)
Example le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33
(1) 282.39 290.34 275.24
(2) 18.91 18.18 18.90
(3) 127.40 112.48 133.97
(I) 41.53 39.21 41.71
(II) 29.67 28.13 29.73
(III) 18.60 17.68 18.61
(IV) 7.45 7.09 7.45
Table 5b
Results for experiment B (dBz in mTesla)
Example le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33
(1) 325.84 335.01 317.59
(2) 21.82 20.98 21.81
(3) 147.00 129.78 154.58
(I) 47.92 45.24 48.12
(II) 34.24 32.46 34.30
(III) 21.46 20.40 21.47
(IV) 8.60 8.19 8.60
Table 5c
Results for experiment C (dBz in mTesla)
Example le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33
(1) 4461.79 4587.42 4348.86
(2) 298.74 287.32 298.60
(3) 2012.92 1777.18 2116.75
(I) 656.21 619.51 658.98
(II) 468.85 444.47 469.74
(III) 293.90 279.37 294.02
(IV) 117.75 112.09 117.70
Table 5d
Results for experiment D (dBz in mTesla)
Example le11 ¼ le33 le11 ¼ 12 le33 le11 ¼ 32 le33
(1) 4496.54 4623.15 4382.73
(2) 301.07 289.56 300.93
(3) 2028.60 1791.02 2133.24
(I) 661.33 624.33 664.11
(II) 472.51 447.94 473.40
(III) 296.19 281.55 296.31
(IV) 118.67 112.97 118.62
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and for the particular indentation forces P of the experiments, the theoretical results of the alteration of the
magnetic ﬂux density (dBz) in mTesla are presented in Tables 5a–5d, respectively, for the loading conditions of
experiments A, B, C and D given in Table 3.
The lack of complete data for Terfenol-D and the fact that we are uncertain of how worthy are the ones we
collected from the diﬀerent sources, explain partly why the experimental results are diﬀerent from the theoret-
ical ones. Other sources of discrepancies with the theory are that the punch is not as rigid as the theory
requires and that the ﬁeld singularities at the contact perimeter may give rise to non-linear material behavior.
However we did not observe signs of damage at the contact surfaces of the indentor or the substrate. It is well
known that Terfenol-D has non-linear piezomagnetic response. In our experiments, we used low loads (1–
10 N) corresponding to low pressures (of 0.05–0.5 MPa). These pressures are much less than the typical com-
pressive strength of Terfenol-D (about 700 MPa).The experimental measurements are aﬀected by the magnetic
status of the material due to the diﬀerent levels of magnetization from the permanent magnets.
The experiments proved the phenomenon and in certain cases the analytic values were very close to the
experimental ones, indicating that e33 is close to 16 N/(Am) and the elastic stiﬀness is close to (40), for the
particular material and applied magnetic ﬁeld used in this work.6. Conclusions
We have examined in detail the linear response of the axisymmetric indentation of piezomagnetic solids by
a ﬂat rigid punch under speciﬁc magnetic boundary conditions. We found that the solution is quite complex,
certainly more complex than the corresponding solution for the piezoelectric solids. The reason is that piezo-
magnetic materials show diﬀerent degree of anisotropy in the elastic, magnetic and coupling properties,
whereas piezoelectric materials appear to have the same degree of anisotropy. The analysis gave explicit results
regarding the force-depth and the force-magnetic ﬂux density responses.
Experiments were conducted, using Terfenol-D as a piezomagnetic material and a ﬂat punch of PMMA.
Permanent magnets were used to trigger the coupling eﬀects. The analytic results that were obtained using
the limited data available in the literature conﬁrmed reasonably well the experimental results regarding the
magnetic ﬂux density. We ﬁnd that the most important constants that aﬀect the macroscopic results of this
problem are CH33, e33 and l
e
33, in order of importance. The piezomagnetic coupling constant e15, if not zero,
as it is typically assumed in most cases, can have a profound eﬀect in the contact behavior, increasing the mag-
netic ﬂux at the contact region. The indentation stiﬀness is increasing with e33. Anisotropy in the magnetic
permeability does not inﬂuence the macroscopic results.
New types of indenters which incorporate Hall-eﬀect probes at the indenter’s tip, like the one we constructed,
can give valuable information of the material properties of piezomagnetic materials. The present analysis can be
used to obtain piezomagnetic constants thatmay be diﬃcult to be obtained by other classicmethods, e.g. e15. Yet
another use of indentation could be the conﬁrmation of the piezomagnetic potency with time and temperature,
serving as quality control for piezomagneticmaterials, even at small volumes. Extending themethod to the nano-
scale will be quite challenging regarding the new equipments that will have to be developed.
The examination of diﬀerent magnetic boundary conditions and diﬀerent punch conﬁgurations will be
addressed in future work.Appendix A. General solution
Z 1
I: urðr; zÞ ¼
0
½a1A1ðnÞek1nz þ a2A2ðnÞek2nz þ a3A3ðnÞek3nzJ 1ðnrÞdn
wðr; zÞ ¼
Z 1
0
½b1A1ðnÞ ek1nz þ b2A2ðnÞek2nz þ b3A3ðnÞek3nzJ 0ðnrÞdn
Umðr; zÞ ¼
Z 1
0
½c1A1ðnÞek1nz þ c2A2ðnÞek2nz þ c3A3ðnÞek3nzJ 0ðnrÞdn
ðA:1Þ
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Z 1
0
½a1A1ðnÞ þ a2A2ðnÞ þ a3A3ðnÞJ 1ðnrÞdn
wðr; 0Þ ¼
Z 1
0
½b1A1ðnÞ þ b2A2ðnÞ þ b3A3ðnÞJ 0ðnrÞdn
Umðr; 0Þ ¼
Z 1
0
½c1A1ðnÞ þ c2A2ðnÞ þ c3A3ðnÞJ 0ðnrÞdn
drrzðr; 0Þ ¼
Z 1
0
½m1A1ðnÞ þ m2A2ðnÞ þ m3A3ðnÞnJ1ðnrÞdn
drzzðr; 0Þ ¼
Z 1
0
½m4A1ðnÞ þ m5A2ðnÞ þ m6A3ðnÞnJ0ðnrÞdn
dBzðr; 0Þ ¼
Z 1
0
½m7A1ðnÞ þ m8A2ðnÞ þ m9A3ðnÞnJ 0ðnrÞdn
ðA:2Þwherem1 ¼ CH44ða1k1 þ b1Þ  e15c1
m2 ¼ CH44ða2k2 þ b2Þ  e15c2
m3 ¼ CH44ða3k3 þ b3Þ  e15c3
m4 ¼ CH13a1  k1ðCH33b1 þ e33c1Þ
m5 ¼ CH13a2  k2ðCH33b2 þ e33c2Þ
m6 ¼ CH13a3  k3ðCH33b3 þ e33c3Þ
m7 ¼ e31a1  k1ðe33b1  le33c1Þ
m8 ¼ e31a2  k2ðe33b2  le33c2Þ
m9 ¼ e31a3  k3ðe33b3  le33c3Þ
ðA:3Þ
II: urðr; zÞ ¼
Z 1
0
½a1A1ðnÞek1nzJ 1ðnrÞdn
wðr; zÞ ¼
Z 1
0
½b1A1ðnÞek1nzJ 0ðnrÞdn
Umðr; zÞ ¼
Z 1
0
½c1A1ðnÞek1nzJ 0ðnrÞdn
ðA:4ÞThe solution at the surface (z = 0) is:urðr; 0Þ ¼
Z 1
0
½a1A1ðnÞJ 1ðnrÞdn
wðr; 0Þ ¼
Z 1
0
½b1A1ðnÞJ 0ðnrÞdn
Umðr; 0Þ ¼
Z 1
0
½c1A1ðnÞJ 0ðnrÞdn
drzzðr; 0Þ ¼
Z 1
0
½m1A1ðnÞnJ 1ðnrÞdn
drzzðr; 0Þ ¼
Z 1
0
½m2A1ðnÞnJ 0ðnrÞdn
dBzðr; 0Þ ¼
Z 1
0
½m3A1ðnÞnJ 0ðnrÞdn
ðA:5Þ
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m2 ¼ CH13a1  k1ðCH33b1 þ e33c1Þ
m3 ¼ e31a1  k1ðe33b1  le33c1Þ
ðA:6ÞIII: urðr; zÞ ¼
Z 1
0
a1A1ðnÞek1nz þ ða21A2ðnÞ  a22A3ðnÞÞednz cosðxnzÞ

þða22A2ðnÞ þ a21A3ðnÞÞednz sinðxnzÞ
	
J 1ðnrÞdn
wðr; zÞ ¼
Z 1
0
b1A1ðnÞek1nz þ ðb21A2ðnÞ  b22A3ðnÞÞednz cosðxnzÞ

þðb22A2ðnÞ þ b21A3ðnÞÞednz sinðxnzÞ
	
J 0ðnrÞdn
Umðr; zÞ ¼
Z 1
0
c1A1ðnÞek1nz þ ðc21A2ðnÞ  c22A3ðnÞÞednz cosðxnzÞ

þðc22A2ðnÞ þ c21A3ðnÞÞednz sinðxnzÞ
	
J 0ðnrÞdn
ðA:7ÞThe solution at the surface (z = 0) is:urðr; 0Þ ¼
Z 1
0
½a1A1ðnÞ þ a21A2ðnÞ  a22A3ðnÞJ 1ðnrÞdn
wðr; 0Þ ¼
Z 1
0
½b1A1ðnÞ þ b21A2ðnÞ  b22A3ðnÞJ 0ðnrÞdn
Umðr; 0Þ ¼
Z 1
0
½c1A1ðnÞ þ c21A2ðnÞ  c22A3ðnÞJ 0ðnrÞdn
drrzðr; 0Þ ¼
Z 1
0
½m1A1ðnÞ þ m2A2ðnÞ þ m3A3ðnÞnJ 1ðnrÞdn
drzzðr; 0Þ ¼
Z 1
0
½m4A1ðnÞ þ m5A2ðnÞ þ m6A3ðnÞnJ 0ðnrÞdn
dBzðr; 0Þ ¼
Z 1
0
½m7A1ðnÞ þ m8A2ðnÞ þ m9A3ðnÞnJ 0ðnrÞdn
ðA:8Þwherem1 ¼ CH44ða1k1 þ b1Þ  e15c1
m2 ¼ CH44ðda21  xa22 þ b21Þ  e15c21
m3 ¼ CH44ðda22 þ xa21 þ b22Þ þ e15c22
m4 ¼ CH13a1  k1ðCH33b1 þ e33c1Þ
m5 ¼ CH13a21  dðCH33b21 þ e33c21Þ þ xðCH33b22 þ e33c22Þ
m6 ¼ CH13a22 þ dðCH33b22 þ e33c22Þ þ xðCH33b21 þ e33c21Þ
m7 ¼ e31a1  k1ðe33b1  le33c1Þ
m8 ¼ e31a21  dðe33b21  le33c21Þ þ xðe33b22  le33c22Þ
m9 ¼ e31a22 þ dðe33b22  le33c22Þ þ xðe33b21  le33c21Þ
ðA:9Þ
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Z 1
0
ða11A1ðnÞ  a12A2ðnÞÞednz cosðxnzÞ þ ða12A1ðnÞ þ a11A2ðnÞÞednz sinðxnzÞ
 	
J 1ðnrÞdn
wðr; zÞ ¼
Z 1
0
ðb11A1ðnÞ  b12A2ðnÞÞednz cosðxnzÞ þ ðb12A1ðnÞ þ b11A2ðnÞÞednz sinðxnzÞ
 	
J 0ðnrÞdn
Umðr; zÞ ¼
Z 1
0
ðc11A1ðnÞ  c12A2ðnÞÞednz cosðxnzÞ þ ðc12A1ðnÞ þ c11A2ðnÞÞednz sinðxnzÞ
 	
J 0ðnrÞdn
ðA:10ÞThe solution at the surface (z = 0) is:urðr; 0Þ ¼
Z 1
0
½a11A1ðnÞ  a12A2ðnÞJ 1ðnrÞdn
wðr; 0Þ ¼
Z 1
0
½b11A1ðnÞ  b12A2ðnÞJ 0ðnrÞdn
Umðr; 0Þ ¼
Z 1
0
½c11A1ðnÞ  c12A2ðnÞJ 0ðnrÞdn
drrzðr; 0Þ ¼
Z 1
0
½m1A1ðnÞ þ m2A2ðnÞnJ 1ðnrÞdn
drzzðr; 0Þ ¼
Z 1
0
½m3A1ðnÞ þ m4A2ðnÞnJ 0ðnrÞdn
dBzðr; 0Þ ¼
Z 1
0
½m5A1ðnÞ þ m6A2ðnÞnJ 0ðnrÞdn
ðA:11Þwherem1 ¼ CH44ðxa12  da11  b11Þ  e15c11
m2 ¼ CH44ðda12 þ xa11 þ b12Þ þ e15c12
m3 ¼ CH13a11  dðCH33b11 þ e33c11Þ þ xðCH33b12 þ e33c12Þ
m4 ¼ CH13a12 þ dðCH33b12 þ e33c12Þ þ xðCH33b11 þ e33c11Þ
m5 ¼ e31a11  dðe33b11  le33c11Þ þ xðe33b12  le33c12Þ
m6 ¼ e31a12 þ dðe33b12  le33c12Þ þ xðe33b11  le33c11Þ
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